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NASA TT F-13,778 

AEROELASTIC STABILITY OF PLANE SANDWICH-TYPE STRUCTURES 
PLACED I N  A CURRENT OF SUPERSONIC GAS 

1 
L. Librescu and E. Malaiu 

ABSTRACT: Par t icu lar  a t t en t ion  is devoted t o  the  problem 
of the  aeroe las t ic  s t a b i l i t y  of i n f i n i t e  sandwich panels. 
The influence of the  parameter which expresses the  flexi- 
b i l i t y  of t he  transverse shear of t he  s t ruc ture  and the  
parameter connected with t h e  axial loads on the  cr i t ical  
magnitudes ( f l u t t e r  and divergence) is investigated.  
The conclusions reached i n  other recent  works regarding the  
lack of agreement between a series of r e s u l t s  i n  t h i s  f i e l d  
obtained i n  exact and approximate fashion are examined and 
ju s t i f i ed .  A71-23609 

A theore t ica l  study i s  presented of the  aeroe las t ic  s t a b i l i t y ,  i n  l i n e a r  /171* - 
formulation, of rectangular plane panels of t he  sandwich type placed i n  a 

current of i dea l ly  conducting supersonic gas,  

Par t icu lar  a t t en t ion  is devoted t o  the  problem of s t a b i l i t y  of an i n f i -  

n i t e  sandwich band. Within t h i s  context t he  influence is  studied which i s  

exerted by the  parameters k2 and R ( the  former expressing the  transverse 

shear f l e x i b i l i t y  of t h e  s t ruc ture ,  and the  la t ter  r e l a t i n g  t o  t h e  axial loads) 

on the  cr i t ical  ( f l u t t e r  and divergent) values. 
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The conclusions s t a t ed  i n  ce r t a in  recent s tud ies  regarding the  discrepancy 

among a number of r e s u l t s  i n  t h i s  f i e l d  obtained by exact and approximate 

methods a re  examined and substantiated.  

1 . Introduction 

Review of t he  vas t  body of l i terature  which has appeared i n  the  f i e l d  of 

aeroe las t ic  s t a b i l i t y  of panels permits the  conclusion t h a t  t he  c l a s s i ca l  

theory of t h i n  panels (a  theory based on the  Love-Kirchhoff hypothesis) has 

been given almost exclusive consideration i n  s tud ies  i p  t h i s  f i e l d ,  Insofar as 

the authors know, there  a r e  but f e w  s tud ies  i n  which transverse shear deforma- 

t i ons  have been taken i n t o  account i n  dealing with t h e  problem of aeroe las t ic  

s t a b i l i t y  ( i n  t h i s  connection see c11 - [lo]). 
1, I n s t i t u t e  of Fluid Mechanics 

* Numbers i n  the  margin ind ica te  pagination i n  the  foreign text .  1 



A s  is known (see ,  f o r  example, [ l l l  - C1411, when the  problems of s ta t ics  

and dynamics of t h i ck  ( i so t ropic  or anisotropic)  panels,  or those of geometri- 

c a l l y  t h i n  panels but ones made of a material with a high degree of anisotropy, 

are dea l t  with,  t h e  e f f ec t  of transverse shear deformations can no longer be 

ignored. 

t ransversa l ly  i so t ropic  material has e l a s t i c  constant r a t i o s  of 20 < E/@ 

(E being Young's modulus i n  the  plane of isotropy of the  material and G I  t he  

shear modulus i n  the  plane normal t o  the  plane of isotropy, as is the  case, 

f o r  example, with p l a t e s  made of pyrolyt ic  graphi te ) ,  and study of the  aero- 

e l a s t i c  s t a b i l i t y  of sandwich-type panels, are a l so  cases i n  which the  s t ruc-  

t u r a l  equations can no longer be derived by adopting the  Love-Kirchhoff hypo- 

t h e s i s  as a basis. 

i'hus study of t h e  aeroe las t ic  s t a b i l i t y  of homogeneous p l a t e s  whose 
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The present paper is devoted t o  study of t h e  aeroe las t ic  s t a b i l i t y  of sym- 

metr ical ly  b u i l t  plane rectangular panels of the  sandwich type placed i n  a 

current of supersonic gas .  

2. Hypotheses. Geometric Considerations, B a s i c  Equations, 

L e t  a symmetrically b u i l t  plane rectangular (a  x b) p l a t e  of the sandwich 

type be placed i n  a current of supersonic, non-viscous, i dea l ly  conducting gas  

(Figure 1). We s h a l l  assume two cases of flow of t h e  current of gas: 

- case a: t h e  current  of gas  flows p a r a l l e l  t o  the  ax i s  on the  outer  1' 
4, 

edge of t he  panel, a t  a ve loc i ty  of Urn, (6 = 01, t he  lower surface of t he  

panel being regarded as placed i n  c a l m  air  which is a poor conductor of elec- 

t r i c i  ty;  

- case b: t he  current of gas flows along both surfaces of t he  panel,  a t  
+ 

a ve loc i ty  of urn = u;. 

In  both cases the  magnetic f i e l d  i s  assumed t o  be uniform and p a r a l l e l  t o  

t h e  undisturbed current  of gas U-. 
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Figure 1. 

+ The following assumptions are also made: in case a, Hw = H a  ( H i  = 0 ) ;  

in case b, Hw = Hw, where Hw represents the component of the magnetic field 

parallel to the 05, axis. 

- + 

We shall assume zero electromagnetic effects in the material of tkie plate. 

In case a the magnetoaerodynamic operator is expressed by Cl53: 
peU,(m2 - 1) 
mZ(K2 - l)l’* 

&(ut) = - 
and in case b by: 

where m is the Alfven number, defined by m = U,/ol, that is, the ratio of velo- 

city Uw of the undisturbed current to the velocity of propagation of Alfven 

waves; and: 

It is to 

Alfven number 

be seen that in the absence of the magnetic field (Hw 3 0 )  the 

m + a; K 3 M2 - 1, and thus (1) and (2) pass, respectively, to 2 

the well-known Ackeret formulas: 

* The expression for magnetoaerodynamic pressure given by relation (1) was 
used in studies of the stability of plane panels by Lisunov E161 and Efremov C91. 
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A s  regards the  resolvent equations of t h e  theory of bending of symmetrically 

b u i l t  elastic plane structures of t he  sandwich type,  they have been derived i n  

a general context i n  C171. 

In presenting the  expression for t he  s t ruc tura l  operator we  s h a l l  confine 

ourselves t o  the  case of the  l i nea r  theory of symmetrically b u i l t  rectangular 

sandwich p l a t e s  (geometric and physical-mechanical symmetry) of two t h i n ,  

i so t ropic ,  outer  layers  separated by a th ick  median layer  consis t ing of a t rans-  

ve r sa l ly  i so t rop ic  material  ( t h e  plane of isotropy of the  core material coin- 

ciding with the  plane 5 = 0). 3 
equation, corresponding t o  transverse shear,  may be ignored i n  t h e  problem of 

vibrat ions and s t a b i l i t y  of sandwich s t ruc tures  ( i n  t h i s  connection see 1182 
and [ l g l ) .  
theory of symmetrically b u i l t  sandwich p l a t e s  i s  given by 

W e  s h a l l  addi t ional ly  assume tha t  the  boundary 

Under these conditions the  transverse bending equation i n  the  

wherela represents  t h e  r i g i d i t y  i n  transverse bending, 
x ,. .~ -- 

lo  3 1 3 1 ~ 3  E'< (X + v ) 3  - ~3 > 
3 L Z - 7  -j, - V'P 

- +  

2 
( i n  the  classic panel theory k 3 0 

the  plane of the  p l a t e  (pos i t ive  i n  
I 

- E .  
2(1+5)' 

E =  

r o  0 ( G  + m)); Tll, T22 a re  the  normal loads of 

compression) ; 
E' Q' = -- 

2(1 + Y O '  

E, ?; E', V I  a r e  respect ively Young's modulus and the  Poisson constant corres- 

ponding t o  the  median layer  and the  upper layer ,  respectively; 

i s  the  shear modulus corresponding t o  the  core material  i n  t he  

plane transverse t o  the  median plane; 

a re  the  thicknesses respect ively of t he  median layer and of the  

outer layer;  

ii, 
3 

2 G; h '  = h" 

h = 2(G + h ' )  i s  the  t o t a l  thickness of the  sandwich p la te ;  

i s  t h e  load normal t o  t h e  median plane of t h e  p l a t e ,  expressed by 
- *  

,-g E - maw - ?nOEW 5- Ep, 
4 



where m i s  the  reduced m a s s  of the  structure and 8 the  s t ruc tu ra l  damping 

fac tor ;  ~p 5 (w); 
0 

A is the  two dimensional Laplacian. 

In  a l l  places i n  t h i s  study, quant i t ies  appearing with a bar or an accent 

i den t i fy  propert ies  of t he  median layer  and of t he  upper layer ,  respect ively,  

while the  p a r t i a l  der iva t ive  with respect t o  coordinate 5 
indicated by subscr ipt  i preceded by a comma (-- (,I = ( 

a quant i ty  denotes p a r t i a l  der ivat ion with respect  t o  t i m e  t. 

(i + 1,2 ,3)  w i l l  be i a 
a5 a point above 

Under these conditions the  aeroe las t ic  equilibrium equation is expressed 

which can be more concisely wri t ten as , '1 75 - 
(8) 

where S ( w )  represents  t he  s t ruc tu ra l  operator a n d 4  (zw) and a ( w )  respect ively 

the  aerodynamic and the  i n e r t i a l  operator. 

3 .  Another Form f o r  t he  Aeroelastic Equilibrium Equation. 

I n  what follows w e  s h a l l  undertake t o  convert resolvent equation (7) t o  a 

form more favorable f o r  analysis  of aeroelastic s t a b i l i t y  (see C191, C211). 

To t h i s  end we s h a l l  represent w (sl, s2, t )  by 

where the  €unctions fmn ( I l ,  5,) s a t i s f y  a l l  the  boundary conditions as regards 

normal displacement, w ( t)  being the  t i m e  functions t o  be determined.* mn 

It i s  a noteworthy fact t h a t ,  i n  contrast  t o  t h e  case i n  which the  e'ffect 

of transverse shear deformations i s  disregarded, i n  the  present case expressed 
* 
i n  c201 and c21, p. 74'3: 

Expressions f o r  f (5  1, <2)  i n  several  boundary condition cases are giveh 

5 



2 
i n  t e r m s  of aerodynamics (more precisely i n  t e r m s  of k 

t he  modes according i n  5 
A d ( w ) )  coupling of 

occurs as w e l l .  2 

I n  study of t h e  aeroe las t ic  s t a b i l i t y  of plane s t ruc tures  of t he  sandwich 

type t h i s  requires  t h a t  w(!,, 

( 9 ) ;  the  same representat ion of w(5 
study of t he  aeroe las t ic  s t a b i l i t y  of homogeneous p l a t e s  whenever the  effect 

2, t )  be represented i n  conformity with equation 

5 , ,  t )  is obviously a l so  required i n  1' 

of transverse shear deformations is taken ilito account. 

Hence, t he  representation of w ( 5  1, I,, t )  by 

w = % ( W m & ,  E219 
0 

Ul-1 
such as i s  encountered i n  a number of recent s tud ies ,  appears t o  be ra ther  

debatable i n  such cases. 

By applying the  Galerkin technique t o  equation (8): 

(F +=: 1,2,. .. ; rt =: 1,2#.. *), _ -  -_ .. - 

one obtains the  following system of l inear  equations, a system l inea r  with - -  /I 76 
respect t o  t h e  coef f ic ien ts  of the  series: 

which lends i t s e l f  b e t t e r  t o  analysis  of aeroe las t ic  s t a b i l i t y  than does the  

equation with p a r t i a l  der ivat ives  (7) .  

I n  order not t o  be led in to  exorbi tant ly  complicated expressions we s h a l l  

confine the  analysis  t o  the  case of aeroe las t ic  s t a b i l i t y  of an i n f i n i t e  sand- 

wich band (Figure 2). 

Figure 2. 
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I n  t h i s  case w e  s h a l l  assume w = w(5  t )  and s h a l l  consider two support 1' 
condition cases: 

- case A: t h e  edges perpendicular t o  the  d i rec t ion  of flow of t he  gas 

current are simply supported. 

- cas6 B: t he  edges perpendicular t o  the  d i rec t ion  of flow of t he  gas  

current r i g i d l y  fixed. 

The expressions f o r  w(5 , ,  t )  i n  t h e  two support cases i n  question are 

rxE, ; 
( r  - U'xG --cos 

0 
. .  

tu( k,, 1 )  = Z; tu$) sin - given respect ively by f 
a 

(12) 
- - -_^  

r-1 

_- a w ( ~ 1 ,  t )  = wr(t) (,,, 
.I r . -r*1 

If the  Galerkin technique is employed, i n  the  case of an i n f i n i t e  band 

. -  
i n  which the  dimensionless var iab les  

have been introduced, as have t h e  dimensionless parameters 

XYW 

m O h P  
P, = xafB 

m0a4 ' 
In  the  case of flow on a s ingle  surface of t he  panel we have 

Q? = - 
. .  ~- 

I E, = - 1 (. +*); P = P i ,  
R moco, 

and i n  the  case of flow on both surfaces of t he  panel a t  a ve loc i ty  of 

Um = U 
+ - 

m = U,, w e  have 

The other  expressions f o r  t h e  parameters are iden t i ca l  i n  the  case of flow 

on one or both surfaces of the  panel; i n  support case A 

4 a;= '- - 
the  natural  v ibra t iona l  frequenc t h e  structure i n  vacuo being 

_ _ _  - -  - __-  2 p 3 - 1 - 9 -  - - :pr=- 4 1  (1+X.t(2p + l-r)gf- t.'Lp,.l-r (18) + 1) ( 3 p  + 1 - Zr) 
(1' = 1,2,. . .), 

7 



and i n  support of case B 

i 

- (2 t  + 2 - r)? - (1 + q z t  + 2 - r)2) + - i  

(3t + 1) (% 3.3 - 3r) 
(3t $- 3 - r)? 

(22 +- 3) (32 + 1-2r) + (1 + X.@t + 2 - r)a)} L + t - ,  ' 

(r  = 2, 3, . . .), 

/I 78 2 2  2 
where k2 0 = k n /a ; 1 = P V  a r e ,  respect ively,  the  parameter c h k a c t e f i a i n g  - 
the  transverse shear r i g i d i t y  and the  new ve loc i ty  parameter. 

2 

If the  successive modes 5,; 5p+1 a re  considered, there  are  obtaingd i n  

A 

8 
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and 

Equations (21) and (22) w i l l  be used i n  study of the  aeroe las t ic  s tab i -  /179 - 
l i t y  of an i n f i n i t e  sandwich band i n  t h i s  last  form. 

4 ,  Analysis of t he  Aeroelastic S t a b i l i t y  of an I n f i n i t e  Sandwich Band. 

The problem of aeroe las t ic  s t a b i l i t y  of an i n f i n i t e  sandwich band w i l l  be 

studied on the  bas i s  of equations (21) and (221, obtained respect ively i n  case 

A and B. 

If solut ions of t h e  form 5 = C ewt a re  considered, where C ( m  = p,  p + 1) 
m m m 

are  a rb i t r a ry  constants,  and i f  t he  condition i s  set of having nont r iv ia l  

solut ions,  there  i s  o b t a i p d  t h e  cha rac t e r i s t i c  equation 
(a; - 

I '@:+I  D +- b,b,+laa ~ 

# 
where the frequency parameter 5 is defined by 

(23) 

9 



For a given value of 6 two values are obtained from (24) f o r  frequency w: 

1/2) 
Since w is i n  the  general case a complex quant i ty  (w = Re w + i i m w ;  i = (-1.) 

it is  t o  be infer red  from (24) t h a t  one of t he  two roo t s ,  say w possesses 

the  property* 

, 
(1) 

R e  w C 0. 
(1) 

The second frequency w s a t i s f i e s  t he  conditions Rew < 0; Rew = 0; or /180 - (2)  (2)  (2) 

i s  ins ide ,  on the  boundary, or outside the " s t a b i l i t y  parabola," which i s  

defined by** 

(26 ' )  (Im I (  = E$ Ro I (  A), 

where w a s  considered t o  be the  same f o r  a11 the  modes. T 

(26) and (23) being taken i n t o  account and *h.e real and the  imaginary 

portions being separated,  two polynomials are obtained: 

(27) 
, Re : 4 4 + l  - C n ( 4 8  + ag+J + (G - Cf) + (b,b,+,X)% = 0, 

' Irn: 21, - (0," f. 0:+1) = 0, 
I 

where 

If the  condition is  set  t h a t  t h e  system be on the  threshold of ins tab i -  

I ,  e JW ; & SE Imc. 

l i t y  of t h e  f l u t t e r  type ( a  condition which is rea l ized  when (26) and (27) are 

taken i n t o  account), and i f  it is required t h a t  system (27) have a s ingle  

solut ion (a  condition s a t i s f i e d  i f ,  and only i f ,  t h e  Sylvester determinant 

corresponding t o  t h e  system of equation (27) ( i n  which (26l )  is  first taken 

i n t o  account) is zero) ,  t he  expression for the  c k i t i c a l  f l u t t e r  ve loc i ty  is  

* 
equilibrium is s t ab le ,  neut ra l ly  s t ab le ,  or unstable ( f lu t te r - type  i n s t a b i l i t y )  
i f ,  and only i f ,  Re  w < 0, R e  w = 0 ,  or R e  w >  0. 

** 
elastic s t a b i l i t y  by Movkian L221, C231 ( a l so  see Bolotin C241) and subsequently 
used i n  t h e  same'field by Stepanov [251, Krumhaar C261, and Grigoliuk and 
Mihailov [3]. I n  the  broader context of general non-conservative s t a b i l i t y  t h e  
concept of I f s t ab i l i t y  parabola" was introduced by Leipholz 1271, C281. 

I n  keeping with t h e  solut ions under consideration the  i n i t i a l  state o f  

The concept of " s t a b i l i t y  parabola" was introduced i n  the  study of aero- 

10 



a s  is a lso  the  c r i t i ca l  f l u t t e r  frequency: 

Considering t h e ' f i r s t  two v ibra t ion  modes (p  = 11,  i n  support case A 

we have 

/181 and i n  support case B - 

w2 and w i  being 

cases have been 
1 the  natural  vibrat ional  frequencies, which i n  t h e  two support 

defined respect ively by (19) and (19) ' 1 2- 

L e t  us examine t h e  case corresponding t o  negl igibly s m a l l  el., where w e  
i w t  

s h a l l  consider solut ions of t he  form 5 = C e Under these conditions,  

from equations (22) (affected by the  circumstance t h a t  e 
m m 

is negl igibly s m a l l )  T 
we obtain i n  support case A 4P(l +P) (a; - 0%) @, - - - A , o W , , ~  = 0, 

1 +2P (32) 

two successive modes 5 G2>(p = 1) and respeckively the  modes C,, 5 ,  (p  = 2,3,.,) 1' 
being taken in to  account, we obtain __ - -  - 

L 0 128 + 4lii Ca = 0, !(ai - a2) C; -- -- 
I 15 3 + 4kg 

64 1 + 474 
'I I 

-0, + (ai - a?) c, = 0 
15 1 + 5li; r _  

and accordingly (a; - a*) C p  - hb,+lC,+I = 0 9 

(33 1 

(34) 

Se t t ing  the  condition of non t r iv i a l i t y  of constants C 

ter is t ics  equation wr i t ten  i n  t h e  g e n e r a l  form 

w e  obtain the  'charac- 
P 

11 



which can be rendered spec ia l  fo r  support cases A and B,  respectively.  

A = 0 the  frequencies obtained correspond t o  the  natural  vibrat ional ' f requencies  

For 

2 2  
W 

p ' wp+l 

With increase i n  ve loc i ty  parameter A ,  f o r  a cer+ain value of t he  la t ter  

A = t he  cha rac t e r i s t i c  equation has a double nonzero frequency ('for 

h > the cha rac t e r i s t i c  equation has a p a i r  of complex conjugate roots) .  

The state of equilibrium as thus defined is an unstable s t a t e  of t he  f l u t t e r  

type f o r  a l l  ve loc i t i e s  h 2 h 

of lo s s  of s t a b i l i t y  of t h e  f l u t t e r  type (defined f o r  the  case of negligibly 

s m a l l  cT). 

and represents  the  cri t ical  ve loc i ty  
* f l '  

we obtain 
( 2 ) '  Se t t ing  the  condition of fusion of frequencies w2 and w 

(1  1 
t he  cr i t ical  f l u t t e r  ve loc i ty  and frequency, defined by 

In  keeping with w = 0, from (35) we determine the  equation f o r  l o s s  of 

s t a b i l i t y  through divergence: 

Relations (35),  (36) and (37), which can be rendered special  f o r  t h e  two 

boundary condition cases A and B, represent t he  foundation f o r  study of the  

aeroe las t ic  s t a b i l i t y  of an i n f i n i t e  sandwich band. I n  what follows w e  s h a l l  

express the  dependence of t he  cr i t ical  quant i t ies  as a function of parameter 

k 

sandwich p l a t e  with a r i g i d  core; i n  the  case i n  which E + 0 is  assumed i n  
2 

( 2 ) ,  t h e  expression is obtained f o r  k 0 
p l a t e s  with a l i g h t  core; if h '  + 0 is assumed i n  (201 ,  the  expression is  ob- 

tained f o r  this parameter proper t o  the  theory of bending of homogeneous p l a t e s ,  

t he  e f f ec t  of transverse shear deformations being taken i n t o  account). 

2 2 
0 

(parameter ko a s  .defined by ( 2 0 )  corresponds t o  t h e  theory of bending of a 

corresporiding t o  the  theory of sandwich 

Last ly ,  i n  order t o  c l a r i f y  the ' inf luence of t h e  Alfven number on the  cri-  

t i ca l  f l u t t e r  ve loc i ty ,  from (20) ,  ( l5l2,  and (3)  t h e  r e l a t i o n  

12 



i s  obtained, and from t h e  la t ter  the  influence of t he  Alfven number on the  

c r i t i c a l  f l u t t e r  ve loc i ty  is determined. 

5 .  Numerical Example 

In  tl2.s sect ion we s h a l l  c l a r i f y ,  on t h e  bas i s  of numerical r e s u l t s ,  t h e  

influence of parameters k2 and R 

divergence). 

on the  cr i t ical  quant i t ies  ( f l u t t e r  and 0 11 

For t h i s  purpose w e  s h a l l  give t h e  most important r e l a t ions  corresponding 

t o  support cases A and B. 

l a r i z ing  t h e  general r e l a t ions  derived i n  Section 4 ,  by taking t h e  f i r s t  two 

vibrat ional  modes in to  account and assuming t h e  damping fac tor  G t o  be 
T 

negl igibly s m a l l ,  

The r e l a t ions  presented are obtained by particu- 

- _ .  Thus, i n  case A w e  have 

, 3 
8 
- [(($ - 0;) (a; - w"]"~ 

3 1 16 . 4 & l ) r  (40) 
lea? = - 8 p 1 1 - g )  + 4];4 

From the  condition dA*div there  are derived, w i - h  t h e  coordinates ( x ,  E 1 of 11 
aRl l  

t he  boundary point: 
- -  

9 
. . -  

X a  
S(1 + k;) (1 + 4G)' 

5.+ 4k% t 

2(1 + kl )  (1 + 4kX) 
- 
RU 

16 

- .  

16 R,; 0; = - 422,, 1 
0: =-- 

1 +li% 1 + 4% c 

and i n  case B 



with boundary-point 

I =  16 - - 4) (41 - 61 $323ki)lu' t 

2(1 + 4kf) 

- 2  The r e l a t ions  h *fl ko (Figure 3 )  and Rll (Figure 4) are 

on the bas i s  of r e l a t ions  (41) and (45) for cases A and B respectively.  .-' -- . 

derived 
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Figure 3 .  



The s t a b i l i t y  region of t he  plane form of equilibrium of a sandwich 

s t ruc ture  i s  shown i n  Figure 5b, i n  the  plane of coordinates (1, Rll). 

region, bounded by these coordinates, segment BC of curve CBD, and l i n e  AB 

(see Figure 5a), represents  i n  the  plane of t h e  parameters i n  question equations - /I85 
(401, (41) Grid (441, (45) corresponding respect ively t o  case A and case B. Curve 

BC corresponds t o  t h e  boundary of s t a t i c  l o s s  of s t a b i l i t y  (due t o  divergence),, 

This 

and l i n e  AB t o  the  boundary of dynamic lo s s  of s t a b i l i t y  (due t o  f l u t t e r ) .  

! 

L 

Figure 4. 
2, 

The r e l a t i o n  w h fo r  various values of k2 and R i s  shown i n  Figure 
0 11 

6a-d, r e l a t ions  (39 )  and (43) being used. 

Last ly ,  Figure 7a-f shows, on the  bas i s  of r e l a t i o n  (381,  the  r e l a t i o n  
N 

11. h, 

6. Conclusions and Discussion 

MW f o r  var ious values of t he  Alfven number and parameters k2 and R 
0 

An analysis  has been presented of t he  problem of aeroe las t ic  s t a b i l i t y  

of symmetrically b u i l t  plane structures of t he  sandwich type placed i n  a current 

of i dea l ly  conducting supersonic gas. 

It has been shown t h a t  i n  the  context of the  present problem the  aero- 

dmamic terms contain,  i n  .addition t o  t h e  term & ( w )  (which i n  t h e  case of modal 

representation of t he  solut ion implies coupling of t h e  modes on ly ’ in  d i rec t ion  
2 x , ) ,  a l so  the  t e r m  k Ad ( w )  , which i n  the  same circumstances implies coupling 

of the  modes i n  d i rec t ion  5 It is  t o  be seen t h a t  i f ,  when ko = 0 or 2 
a s  w e l l .  2 

a/b = 0,  there  occurs only coupling of t he  modes i n  d i rec t ion  5 with increase 1 



i n  k2 or a/b, coupling of t he  modes i n  d i rec t ion  5 
stronger. 

C63 and Erickson and Anderson C71, t o  the  e f f ec t  t h a t  use of the Galerkin method 

i n  study of t he  present problem, a solut ion of two t e r m s  being considered, leads 

w i l l  become increasingly 
0 2 

This leads t o  d i r e c t  j u s t i f i c a t i o n  of t he  conclusion drawn by Anderson 

t o  e r ro r s  whjch increase i n  comparison t o  the  exact solut ion along with increase 
2 
0 
I 

i n  k or a/b. 

S t a t i c  i n s t a b i l i t y  

, *  ' 
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I n  order t o  avoid possible  confusion, we s h a l l  replace the  formulation of 

the  conclusion drawn by Anderson C63 and Erickson and Anderson C71 (it appears 

t o  be obvious i n  t h i s  connection t h a t  consideration of two terms i n  development 

of (9) i s  per fec t ly  j u s t i f i a b l e  when a/b = 0 )  with t h e  statement t h a t  when the  

Galerkin metiad i s  used i n  study of t h i s  problem, function w(5  1, I,, At) should 

be represented by r e l a t i o n  (9 )  and not by ( 9 ' ) .  

- / l 9 O  

I n  order t o  avoid pa r t i cu la r ly  laborious developments i n  t h i s  study, t he  

analysis  has been rendered special  for t he  case of an i n f i n i t e  band (a/b = 0). 

W e  may mention t h a t  such spec ia l iza t ion  of the-problem does not l i m i t  t he  value 

of the  conclusions obtained; from t h e  qua l i t a t ive  standpoint they remain va l id  

f o r  the  problem of rectangular plane panels a s  well. 

Figures 3 and 4 point up the  f a c t  t h a t  t he  f l u t t e r  bo!?ndary is highly sen= 

s i t i v e  t o  var ia t ion  i n  the  parameter k2 i n  the  range 0 < k < 0.7 ( t h i s  conclu- 

sion a l so  follows from the  s tudies  undertaken i n  C31, C41, Cg]), 

5 
0 0 

It a lso  follows t h a t  i n  the  case of a compressed i n f i n i t e  sandwich band 

(R, , > 01, a decrease i n  A,,, corresponds 
II 

The same 

the case of a 
2 parameters k 
0 

'11 

r e s u l t  i s  a l so  va l id  i n  t h e  

sandwich band under tension 

> 0 f l u t t e r  ve loc i ty  values 

a band of ident ica l  geometry but r i g i d  i n  

2 
t o  increase i n  k 

0' 

case coiresponding t o  R = 0. For 

(Rll < 01, there  correspond t o  t h e  

which a re  la rger  than i n  the  case of 

shear (IC = 0 ) .  It 5& t o  be observed 

11 

2 
0 

t h a t  t h e  an tef lu t te r  region is  much l a r g e r  i n  case B ( the  case corresponding t o  

a band r i g i d l y  fixed a t  t h e  edges, 5 
simply supported edges, 5 = 0, a).  

= 0, a )  than i n  case A ( a  band having 1 

1 

This cha rac t e r i s t i c ,  s t rongly pronounced i n  the  case of a band r i g i d  i n  
2 shear,  i s  attenuated with increase i n  k2 so t h a t  around the  value k = 0.7 the  

0' 0 
an te f lu t t e r  region obtained i n  case A v i r t u a l l y  coincides with t h a t  of case B . ,  
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Figures 6a-d a l so  c l a r i f y  the  influence of various parameters on the  f l u t t e r  - /l92 

11 behavior of an i n f i n i t e  sandwich band. It is found t h a t  f o r  a given value R 

decrease i n  transverse shear r i g i d i t y  (increase i n  k ) causes decrease i n  the  

c r i t i c a l  f l u f t e r  ve loc i ty  and frequency, as w e l l  as i n  t h e  natural  v ibra t iona l  

frequencies of the  sandwich band. The influence exerted by the  support condi- 

t i o n s  considered ( iden t i f i ed  by us  as cases A and B) on the  f l u t t e r  behavior of 

an i n f i n i t e  sandwich band i s  also brought t o  l igh t .  It  i s  observed t h a t  f o r  a 

given k2 and R 
than t h a t  corresponding t o  case B,  a property maintained throughout t he  k value 

range considered. 

shows tha t  i n  the  case of s t ruc tures  but l i t t l e  f l ex ib l e  i n  shear t h e  f l u t t e r  

ve loc i ty  i n  case B is much lower than t h a t  corresponding t o  case A ,  the  pro- 

per ty  tending t o  diminish along with increase i n  k 

2 
0 

the  f l u t t e r  frequency corresponding t o  case A is  much lower 
2 
0 

0 11 

Comparison of the  r e s u l t s  obtained for t h e  two support cases 

2 
0. 

I i //I 15 n z  
C 

. Fig. 7 e  



Figures 5a and b addi t ional ly  contribute toward i l l u s t r a t i o n  of t he  inf lu-  

ence of parameter k2 i n  the  problem of aeroe las t ic  s t a b i l i t y  of a compressed 

sandwich band i n  the  two support cases A and B. The presence of a current  of 

gas is found t o  exer t  a s t ab i l i z ing  e f f ec t  a s  regards lo s s  of s t a b i l i t y  due t o  

divergence ( t h i s  being pointed up by the  circumstance t h a t  i n  a ce r t a in  veloci ty  

zone the  cr i t ical  compressive tension R of a panel placed i n  a current of g a s  11 
is higher than i n  the  absence of a current of gas) .  

0 
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This property holds f o r  a l l  t h e  values of k2 and i n  a l l  the  support cases /195 0 - 
considered. 

case of a band but l i t t l e  f l e x i b l e  i n  transverse shear. 

The property nevertheless appears t o  be more pronounced i n  t h e  

Figures 7a-f lead again t o  t h e  conclusion formulated by Lisunov C161 and 

Efremov C91; namely t h a t  a decrease i n  the  cr i t ical  f l u t t e r  ve loc i ty  corresponds 

t o  increase i n  the  magnet ic  f i e l d  (decrease i n  the  Alfven number), a property 

which holds f o r  a l l  t he  values of parameters k 

t o  a given Alfven number m and parameter R 

an increase i n  the  cr i t ical  f l u t t e r  ve loc i ty ,  one which is more pronounced i n  

support case B than i n  case A. 

2 
0 
along with decrease i n  k2 there  i s  

and Rll considered. Corresponding 

11’ 0 

Figure 7c shows the  range of va r i a t ion  of parameters R and k2 wherein 
11 0’ 

the  f l u t t e r  ve loc i ty  of case A coincides with t h a t  of case B f o r  given values 

of the  Alfven number. 

. .-. 
f 

Fig. 7 f 
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